eo puer Mod inoln Tech Science Press 
Engineering & Sciences : 


DOI: 10.32604/cmes.2022.016967 


ARTICLE 


A New Approach to Vague Soft Bi-Topological Spaces 


Arif Mehmood’, Saleem Abdullah’ and Choonkil Park* 


‘Department of Mathematics & Statistics, Riphah International University, Islamabad, 44000, Pakistan 
>Department of Mathematics, Abdul Wali Khan University, Mardan, 23200, Pakistan 

>Department of Mathematics, Research Institute for Natural Sciences, Hanyang University, Seoul, 04763, Korea 
“Corresponding Author: Choonkil Park. Email: baak@hanyang.ac.kr 

Received: 15 April 2021 Accepted: 27 September 2021 


ABSTRACT 


Fuzzy soft topology considers only membership value. It has nothing to do with the non-membership value. So an 
extension was needed in this direction. Vague soft topology addresses both membership and non-membership val- 
ues simultaneously. Sometimes vague soft topology (single structure) is unable to address some complex structures. 
So an extension to vague soft bi-topology (double structure) was needed in this direction. To make this situation 
more meaningful, a new concept of vague soft bi-topological space is introduced and its structural characteristics 
are attempted with a new definition. In this article, new concept of vague soft bi-topological space (VSBTS) is 
initiated and its structural behaviors are attempted. This approach is based on generalized vague soft open sets, 
known as vague soft 8 open sets. An ample of examples are given to understand the structures. For the non-validity 
of some results, counter examples are provided to pay the price. Pair-wise vague soft 8 open and pair-wise vague 
soft B close sets are also addressed with examples in (VSBTS). Vague soft separation axioms are initiated in (VSBTS) 
concerning soft points of the space. Other separation axioms are also addressed relative to soft points of the space. 
Vague soft bi-topological properties are studied with the application of vague soft 6 open sets with respect to soft 
points of the spaces. The characterization of vague soft 8 close as well as vague soft 6 open sets, characteristics of 
Bolzano Weirstrass property, vague soft compactness and its marriage with sequences, interconnection between 
sequential compactness and countable compactness in (VSBTS) with respect to soft 6 open sets are addressed. 
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1 Introduction 


During the study of the potential applications in traditional and non-classical logic, it is 
essential to have fuzzy soft sets, vague soft sets and neutrosophical soft sets. Researchers now 
deal with the complications of modeling uncertain information in the economic, engineering, 
environmental, sociology, medical, and numerous other fields. Classical methods do not always 
succeed because there may be different types of uncertainties in those fields. Zadeh [|] has created 
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a new approach to the fuzzy set theory that was the most appropriate schedule to address 
uncertainty. Pawlak [2] pioneered the concept of a rough set. The approximate operations on sets 
were investigated. Each theory has its own inherent challenges, as Molodtsov has pointed them 
out [3]. Molodtsov [3] proposed an entirely new and advanced approach to modeling vagueness 
and uncertainty free of the complications of existing procedures. In soft set theory, among other 
related issues, the problem of setting the member function simply does not arise. Soft sets are 
regarded as neighborhood systems and they are a special case of contextual fuzzy sets. Soft set 
theory has potential applications in many different fields, counting the smoothness of functions, 
game theory, operations research, Riemann integration, Perron integration, probability theory, and 
measurement theory. 


Maji et al. [4] functionalized soft sets in multicriteria decision making problems by applying 
the technique of knowledge reduction to the information table induced by soft set. Maji et al. [5] 
discussed different fundamentals of soft set theory. Pei et al. [6] discussed the relationship between 
soft sets and information systems. Soft set is a kind of particular information system. The more 
general results show that soft sets and information systems of partitions have the same formally 
designed structures and that those soft sets and fuzzy information systems are equivalent after 
soft sets are extended to several classes of general cases. 


Chen et al. [7] pointed out some drawbacks in [4]. They improved the work of Maji et al. [4]. 
Smarandache [8] generalized the soft set to the hyper-soft set by transforming the function F into 
a multi-attribute function. Further the author introduced the hybrids of crisp, fuzzy, intuitionistic 
fuzzy, neutrosophic, and plithogenic hyper-soft set. 


Cagman et al. [9] defined and presented the concept of soft topology on a soft set. The 
authors also discussed the basis of soft topological spaces theory. Shabir et al. [1/0] introduced 
soft topological areas and examined some basic notions. Bayramov et al. [11] investigated some 
basic notions of soft topological spaces by using soft point approach. Khattak et al. [12] ush- 
ered the notion of soft (a, 6)-open sets and their characterization in soft single point topology. 
Atanassov [13] initiated the idea of “intuitionistic fuzzy set” (IFS) which is an extension of the 
concept ‘fuzzy set’. The authors addressed various characteristics comprising of operations and 
relations over sets. Bayramov et al. [|4] introduced some important properties of intuitionistic 
fuzzy soft topological spaces and defined the intuitionistic fuzzy soft closure and interior of 
an intuitionistic fuzzy soft set. Chen [15] addressed similarity measures between vague sets and 
between elements. 


Hong et al. [16] discovered new functions to discuss the degree of accuracy in the grades 
of membership of each substitute relative to a set of conditions embodied by the values of 
vague. Ye [|7] discovered that an improved precision function for a vague set is recommended by 
considering the effect on the fitting to which every alternative catches the choice maker’s necessities 
of a vague level, unknown degree. The author added that the precise function is more judicious 
than the current precise function which is in some cases is not favorable. Alhazaymeh et al. [1/8] 
introduced the conception of interval-valued vague soft sets which are an extension of the soft set. 
Alhazaymeh et al. [19] generalized vague soft set and its operations. Al-Quran et al. [20] extended 
notion of classical soft sets to neutrosophic vague soft sets by applying the theory of soft sets to 
neutrosophic vague sets to be more effective and beneficial. 


Selvachandran et al. [21] studied vague entropy measure for complex vague soft sets. Wei 
et al. [22] introduced five elements associated with vague soft sets that enable GML to represent 
fuzziness and implement vague soft set GML modeling, which solves the problem of lack of 
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fuzzy information expression in GML. Tahat et al. [23] introduced the concept of vague soft set 
ordering and addressed certain relevant properties. Xu et al. [24] introduced a vague soft set, an 
extension of the soft set. They presented and deliberated the fundamental features of vague soft 
sets. With a standard approach, Wang et al. [25] examined a few basic characteristics of vague 
soft topological areas. 


This reference [25] has become a motivating source and it leads me to my research work 
excellently. Inthumathi et al. [26] introduced some generalization of vague soft open sets in vague 
soft topological spaces and obtained a decomposition of vague a-soft open sets by using them. 
In our study, the intersection, union and difference operations are re-defined on the vague soft 
sets in contrast to the studies [24] and the properties related to these operations are presented. 
Then, considering these newly defined processes, contrasting [25] vague soft topology is remodeled 
and further the study is extended to vague soft bitopological spaces with respect to soft points of 
the spaces under generalized vague soft open sets, known as vague soft B-open sets. An ample of 
examples are given to understand the structures. 


In this article, the concept of vague soft topology is initiated and its structural characteristics 
are attempted with new definitions. The rest of the article is pictured as follows. Originality begins 
from this Section 2 because in this section some new operations are defined in vague soft set 
theory. Main results are addressed in Section 3. In this Section 3, some new definitions of vague 
soft open sets are given. With the support of this new definition, soft separations axioms and soft 
other separation axioms are defined in VSBTS with respect to softs. These separation axioms are 
verified through suitable examples. The engagement of these separation axioms with other results 
are also addressed. 


In Section 4, some results are discussed in two vague soft bi-topological space with respect 
to vague soft 6 open sets. Vague soft product spaces are discussed with respect to soft points. 
The characterization of vague soft 6 closed as well as soft B open sets, characteristics of Bolzano 
Weirstrass property, vague soft compactness and its marriage with sequences, interconnection 
between sequentially compactness and countably compactness in vague soft bi-topology with 
respect to soft 6 open sets are addressed. In the final Section 5, some concluding remarks and 
future work are given. 


2 Preliminaries 


In this section, some basic definitions, which are soft sets, soft sub-space, soft equal space, 
soft difference, soft null set, soft absolute set, soft point, soft union, soft intersection, vague soft 
topology and vague soft neighborhood are addressed. 


Definition 2.1. Let ¥ be an initial universe set and 0 be a set of parameters. Then pair (A, 9) 
is called as vague soft set (VSS) over VY, where # is a mapping from 0 to V(¥). 


The set of all NSS over ¥ is denoted by VSS(¥). A vague set (A,9) can be written as 
(A, 0) = {G, < x, Mai) (x), Nav) (x) >SIixeEe X,i€E 0} 


Definition 2.2. Let VY be an initial universe set and 9 be a set of parameters. Then the vague 
soft set x*(q,y) defined as 


(a,y) if =v and x=y 


# ay (t) = io if iA’ and xfy 
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for all xe V,0<a,y <1,i€9, is called a vague soft point. 

Definition 2.3. Let (j1, 9), (j2,0) € VSS(&). Then for all xe 

1. Vague Soft Subset: (f1,0) @ (fo, 0) if M; (i) < Mp wy and Nia > Ni) (x) for all 
4€90. 

2. Vague Soft Equality: (f,, 8) = (fx, 9) if (f1,0) C (f2,0) and (f2,0) C (fi, 8). 

3. Vague Soft Intersection: 

(1,9) a (j2, 0) — (3, 9) and is defined as 

(j3, 0) = {(4,{< 4, min{M; (,) (x), Mz, (2) },.max{Nz (,)(%), Nz (4) )} >}: 4€ 8}. 

4. Vague Soft Union: 

(fi, 8) U (fr, 0) = (@ {< #, max{MG (2), Mz, ¢,)(@)}, min(N; (4) (#), Nz (g(#)} >}: 4€ 0} 

More generally, the Vague Soft intersection and the Vague Soft union of a collection of 
{(f;,9)} C VSS(%) are defined by 


alc @) = |, [<x, inf |Myi., (x) sup {Nice (x)} >| :4€ o| 


iel 
Uli. 6) = |, |< x, Sup {Mya (x) | int {Nive (x)| >| :4€ o| 
iel 
5. The VSS defined as Mj 4) = 1 and Niwa =0, for all ie 0 and xe & is called the 
universal VSS denoted by 1(%,9). Also the vague set defined as M; ( i) (x) =0 and Nj i) (x) =1 for 
all ic 0 and xe &X is called the empty VSS denoted by 0x9). 
6. Vague Soft Complement: (hi, 0)o= 1x,0)\ (fi. 9) ={(i<e, Ni Os Mi ww (x) >: 4€ 80} 
Clearly, the complements of 1(x,9) and 0:¥%,9) are defined 
(1ex,9)) = Ilex) \lix,9) = (4, {<4 1 >}: 46 0} =0x 9) 
(Ocx,0))° = 1cx,0)\0(x,9) = {(4.{< 4,0 >}: 2€ 0} = lx) 
Definition 2.4. Let tC VSS(4) then Tt is named a vague soft topology on # if the following 
conditions hold: 
(1) 0(x,0), 1ix,9) € T. 
(2) t is closed under union of VSSs. 
(3) t is closed under finite intersection of VSSs. 
Then the order triple (4,7,6) is called vague soft topology on ¥%. 
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3 Main Results 


In this section, the notion of vague soft bi-topological space is leaked out. Examples are also 
reflected to understand the structures. Vague soft 6 separation axioms are inaugurated in vague 
soft bi-topological spaces concerning soft points of the space. Other 6 separation axioms are also 
addressed relative to soft points of the space in vague soft bi-topological spaces. An ample of 
examples are provided to secure the results. 


Definition 3.1. If (¥,1,,0) and (¥,1,8) are two VSTS, then (4,71, 72,0) is called VSBTS. If 
(X,T1,72,0) be VSBTS. A vague soft sub-set (f, 8) is said to be vague soft 6B open in (4,71, 72, 9) 
if (f,0) C VScl(VSint(VScl(f, 8))). A vague soft sub-set (f,0) is said to be vague soft 6 close in 
(X,71, 72,0) if (f,0) > VSint(VScl(VSint(f, 8))). A vague soft sub-set (f, 9) is said to be vague soft 
B open in (4,7 ,,T2,9) pair-wisly if there exists a vague soft 6 open set (f},0) in tT; and vague 
soft B open set (f2,9) in T2 such that (f,9) = (f1, 8) U (fo, 8). 

Example 3.2. Let ¥ = {x1, x2,%3}, 9= {4,4}, T1 = (0(x,0), 1(x,9), (f1, 8), (fo, 8)}, 


72 = {0x,0), l(x,0), (g1, 9), (g2,9)}, where (f1, 0), (f2,0),(g1,0) and (g2,0) being VSSs are as 
following: 


£.0)(i)) = x 8 2 y 4 4 y 3 2 
ce ) (41) = < cian (i eso 270’ 10°°~ 270° 107 | 


| (f,,9) (4) = Se ee ee eee | 
| 10’ 10 10’ 10 10’ 10 | 
| (£, 0) (iy) to, Oe Ser Sap ee pres | 
= ea oe SSAsER SOS arr eT 
| et 10’ 10 * 10° 10 10" 10 | 
5 3 4 2 3 +4 
f: 0 L = ea en Pa Par D) D) D) 
ie ) (42) {<a 10° 10.7?" 10" 10 7? < 10” 10 | 
. 4 5 2 6 1 4 
|e. =| <a Gap <2 ig ig <aO THT 
| 8) (42) <x Big! x ee <x : 5 || 
| £1, 2 1, 10’ 10 > 25 10’ 10 > 35 10’ 10 | 
; ca | 3 3 2 A 
| 22.06) =| <anigig <p ip <Te Tf 
al 3 3 | | 
Jeom@ealen tt ecmd deca to 


Then (1,8) (fo, 0) = ((fo, 8), (f1, 8) N (g1, 8) = (g1, 8), (f1, 8) M (go, 8) = (fa, 8), (21, 8) N (g2, 8) = 
(g1, 8), (f2, 8) M (g2, 8) = (f2, 8) and (f], 0) U (fo, 0) = (fo, 8), (f1, 0) U (g1, 8) = (21, 8), (f1, 8) U (g2, 8) = 
(f2,0), (g1, 8) U (g2, 8) = (21, 9), (f2, 8) U (g2, 8) = (g2, 9). 


Therefore tT; and tT. are vague soft topologies on Y and so (4¥,71,72,9) is a vague soft 
bitopological space. 


Remark 3.3. Let (4,1,,12,9) be a vague soft bitopological space then Tt; U T2 need not 
necessarily be a vague soft topological space on %. 
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Example 3.4. Let ¥ = {x1,% 7,43}, 9 = {4,m}, T1 = {0(x,9), l(x,), (f1, 9), (f2,8)}, T = 
{0(x,0), 1,0). (g1, 9). (g2,8)}, where (f1, 0), (f2,0),(g1,0) and (g2,0) being VSSs are as following: 


aye gk 2 44 pie 
Ste —_,—_ > —_, — — 
| 1,9) (4 10’ Io »< > 19° 197° * >70° 107 | 
6 3 5 1 5 4 
f1,0 l _ § a Sa. ’ eas ares ’ ’ ’ 
| 1,8) (2) {<a 010 10 10 | | 
6 4 3 4 2 3 
f- = eae Se | a 
| (f2, 0) (41) {<a 75 >< 22s 799 79 2? <%3 Tp To | 
5 3 4 2 3 4 
f in) = eee = ae 
| (f2, 0) (42) <a. t75 >< 32s 799 79 2? <%3 Tp? To | | 
ane eee ne ee: oe 
| £1, Vd= < a0? 197°? ~ 25 10°10’? 10’ 10 | 
| 3 4 3 3 1 5 | 
0) (mm) = Se eee ed 
| (g1, 9) (42) (<a. 75 >s< 2259 19 7? <* 10° 10 | | 
Ieee yi cigstl  ac at O i ee OE) 
| (g2, a) = <%X1, 10’ 10 >,< x2, 10’ 10 >, < %3, 10’ io | 


10°10” > 19°10 


; 7 1 3. 3 2° 
(2.0) a) =| <a. ry <a <X \. 


Here tT U T2 = {0:x,9), l(x,0), (fi, 8), (fo, 8), (£3, 8), (g1, 8), (g2,8)} is not a vague soft topology 
on %*. 


Definition 3.5. Let (¥,7,,12,9) be a vague soft bitopological space. Then a VSS 
(f,0) = {(¢, {< 2, Mya) (@) Nya (4) >} : we X,2€ 8} 


is called as a pairwise vague soft 6 open set if there exist a vague soft open (f;,@) in tT; and a 
vague soft 6 open (f2,9) in T2 such that for all xe X. 


(f, 8) = (fr, 8) U (fo, 0) = { (4 [< 4, max {Mp i (@),Mpw (#)}, min {Naw (4, Npw @}>}): 2 0} 
Definition 3.6. Let (4¥,7,,12,9) be a vague soft bitopological space. Then a VSS 
(f, 8) = {(4. {< Xx, Mii) (x) » Nya) (x) >}) :xENX,ie 0} 


is called as a pairwise vague soft 6 open set if there exist a vague soft open set (f;,@) in Tj and 
a vague soft 6 open set (f2,8) in T2 such that for all xe X. 


(f, 8) = (fr, 8) U (fo, 0) = { (4 [< max {Mg @) (&),Mpw (#)}, min {Ny w (),Npw @}>}): 20} 
The set of all pairwise vague open sets in (4,7),72,9) is denoted by PVSO (4,7, 72,9). 
Definition 3.7. Let (¥,7,,12,9) be a vague soft bitopological space. Then a NSS 

(f, 8) = {(. {< Xx, Mya) (x) » Nya) (x) >}) [XE X,ti€ 8} 


is called as a pairwise vague soft B closed set if (f,0)° is a pairwise vague soft B open set. It is 
clear that (f,0@) is a pairwise neutrosophic soft 6 closed set if there exist a vague soft 6 closed set 
(f1,9) in tT; and a vague soft 6 closed set (f2,9) in T2 such that for all xe X. 


(f, 8) = (f1,8) 9 (fa, 8) = { (4, {< 2, min {My (a) (%). Mpa (@)},max {Nj Naw @} >}) : 2} 
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The set of all pairwise vague 6 closed sets in (4,1,,7,0) is denoted by PVS £6 
C(#,71, 72,9). 

Example 3.8. Let 4 = {x1, «2, x3},0 = {41,i2},71 = {0;x,9), l(x,0), (fi, 8)}, T2 = {0(x%,0), 1,9), (fo, 8)} 
where (f;,0) and (f2,0) are defined as 


8 2 4 4 a9) 
HOM=| <a TT aa To <eT| 
| OM)=| <a TT aca cd Toca | | 
| 10’ 10 10’ 10 10’ 10 | 
| OMI=| <n TT <a <a> | 
10’ 10 10’ 10 10° 10 
le Se eee eee | 
| REE 5 0 10! Oe 10 | 
g 2 5 | 5 2 
| ae ae {({(- gore) (2 10” ae 10’ -70)}) | 
| 


f (affecteth adit nd a 


is a pairwise vague soft B open set. Also 


6 2 

CUZ.\ — eat 
| (f1, 8)° (41) = l<m.ipy 10 19 3 292s T5919 72 <I? Io ~| | 
| ee 1 5 4 5 | 
| (f1, 0)°(42) = 4 <*1, — 7 7 4292s T9979 7 = IG 19 > | 
| (,8)°@2) =) <1, — $< 2 Sy, a : ~| | 
| “ 10’ 10 10° 10 | 
| (f2,80)°(42) =} <x aay <x se >,<%x a | 
| ch a 10°10 > 10’ 10 tO 107 Jf | 
| | 


: Ne ae: 6 6 7 8 
=> (f1, 8) a (fo, 8) aa {(a. {(x. 10’ ante 10’ a) 10’ a) 
: 4 7 5 9 1 6 
(a, {{x. 10’ 10 »\*2, 10’ 10 53, 10’ 10 


is a pairwise vague soft close set. 


Theorem 3.9. Let (¥,7,172,9) be a vague soft bitopological space. In this case 


(1) 0(x,0), 1(¥,0) € PVSO (¥, 7), 7,9). 

(2) If {(fj, 8) |ie A} C PVSO (4, 7], T, 8) then Uier (f;,8) € PVSO (4%, 7), T, 8). 
(3) If {(gi, 8) jie A} CPVSC (4,7, 72,0) then ()j;<7 (gi, 8) € PVSC (¥, 71, T, 8) . 
Proof. 


1. Since 0(x.,9) U0(x,9) = 0(%,9) and 1(x,9) U 1(x,0) = 1(x,9) then 0(x,9) and 1(x,0) are pairwise 
vague soft 6 closed sets. 
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2. Since (f;,8) € PVSO (4,71, 72,8), there exist (f1, 0) ET, and (f,0) € 7 such that Go) = 
(f!,0)U (f/,0) for all ie I. Then 


Uaéo=U ((f. eu (El, 6)) = (Us. 3) U (Ue 2) 
iel iel iel iel 

As t and t) are vague soft topologies on X,Ujer(f/,8)) €t1, User (f?, 8) € T1- 

Therefore Vier, 8) € PVSO( 4X, 71, T2, 8). 

3. Since (g;,0) € PVSC (4, 11,2, 8), there exist (g!,@)° et and (g?,6)° € t2 such that (g;,0) = 
(gi, 8) (gi,@) for all ic A. Then 


()ei-8) =} (@e!.9) 0 @?,8)) = (Ne ®) n (Ne. ®)). 


iel iel iel iel 
Then (\jcx (gi, 8) € PVSC (4, T1, 72,0) as (Mjer(gi, Q))° e7 and (()er(g?, Q))° et: 
Definition 3.10. Let (¥,1,,T2,8) be a vague soft bitopological space and (f, 8) € VSS(4’). The 


pairwise vague soft closure of (f,8), denoted by ea (f,@), is the intersection of all pairwise 
vague soft 6 closed sets containing (f, 9), i.e., 


cls SS (f, 0) =N {(g, 0) € PVSC (X) | (f, 8) C (g, 8)} 


It is clear that ay (f,8) is the smallest pairwise vague soft 6 closed set containing (f,9). 
Example 3.11. Let (4,7,,72,0) be the same as in Example 3.4 and 


eeyellts a ae age wn 24 
g, “.. 1> < to’ 107? ~ 210 Ie > 70° 10> 


i % 2 6 - 1 7 o 3 4 
| 26} <21, 79> 79 > <*2 79° Io 2? <* I9 To | 


be a vague soft set over 1. Now, we need to determine pairwise vague soft 6 closed sets in 
(X,71,7,9) to find he (g,8) then, 


ours 2 a A ee: 
| 2> Le = < 1> 10’ 10 >< 29 10’ 10 >< 35 10’ Tig | 


| (BOa)=| <n. Tito <a can > | | 
= < pn ah ’ a ae ’ are ae ’ 
| acess 10° 10 10’ 10 * 70° 10 | 
4 6 4 3 3. 2. 

f: 0)f = i}, Sane §. are ’ Pe ae ’ ae ape ’ 
Be ) {(a {<a i010" 10 10 1 a>) | 

(4 {|< 2 ash Ue #8 x a a>) 

’ § ea Se ’ anrar ar ares a Sq Sa . 
| . "10° 10 10° 10 > 10’ 10 | 


The pairwise vague soft 6 closed sets which contains (g,®) are (f2,8)°, l(x,9). Therefore 


ely? (g, 0) = (fo, Q)° N 1(x,0) = (fo, Q)° . 
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Definition 3.12. Let ((4),11,2,0) be vague soft bitopological space, x4(;) 4 ¢! Ws are 
VS points. If there exist VSB open sets (f,9) € tT; UT: and @, . € 7 U7) such that x*(j) € 
9), #65) 71 (G9) =0¢ 4) 0) OF Hwy) € G8). Yj) 1 G9) = 00% 9)» Then ((),71,72,8) is 
called a VSBo. 

Definition 3.13. Let ((¥),11,1,8) be a VSTS over (X), x*¢j) # yyy) are VS points. If 
there exists VSB open sets (f,0) eT) UT2 & (G,8) ET UT28.t.4° G5) € (f, 8), #45) 1G, 9) = 0%).6) 
and E ais EG, 0). 4! Gg) (j,0) =0 4), Then ((X),T1,79,0) is called a VSB). 


Definition 3.14. Let ae be a VSTS over (X), x4(;) #5) are VS points. If 
4IVSB open sets “ 0) € UT) and G0) € 1 UT such that 2%.) € (7,0) & Qa € (G0) & 
(f, 8)N G, 9) = 0, %).0)? Then ((¥),T1,72,0) is called a VSB>. 

Theorem 3.15. Let ((¥), 1,1, 9) be a VSBTS. Then ((&), ),1, 9) be a VS£; structure if 
and only if each VS point is a VS-close. 

Proof. Let ((X), 1,72, 8) be a VSBTS over ().(24(,;), 0) be an arbitrary VS point. 
We establish (x*(,;),0) is a soft B-open set. Let (yt! /j/)9) # (#*(ij),8). This means that 
(yt! (i/j/)» 9) & (2 Gj), 8) are two are distinct VS points. Since ((X), 1,7, 0) be a VSB, structure, 
there exists a VSB-open set (g,0) so that (y“ (i/ jl)» 9) € G8) and (x* 5,0) (G, 9) = 04,9): Since, 
(24 ).9)N (G 8) = 0,,% 9), So (" G59 € GO) C G5), 9). Thus (#*(j),9) is a NSB-open set, 

e., (x*(j),8) is a VSB-close set. Suppose that each VS point (4*(;),0) is a ViSB-close. Then 
(46, 3) 0)° is a VSB-open set. Let (x44; j)> _ n (ws) 0) = 0%) 9). Thus H iis OE (x G3), 8)° 
and (x? @5),8) 0 (4 i,j)» 8)° = 00% %),0). So ((¥), T1,T72, 9) be a VS-f; space. 

Theorem 3.16. Let ((¥), 1,1, 0) be a VSBTS es universal set(X) . Then ((&), 7,7, 9) is 
VS-B2 space iff for cae VS points (4 (i,j) 9) & (yt ‘aigise)s there exists a ee set (f, 0) 


containing there exists but not (4 (/j/)9) such that (y!' (i/g/)>®) ¢ G8). 

Proof. Let (#3), 9) x (Y G5) be two VS points in VSf2 space. Then there exists 
disjoint VSB open sets (f,@) and (g,@) such that (x*(j),0) € a 8) and a. 9) € G,9). 
Since (x* ij) 9) im (y’ (/j/)°9) = = Ox X),0) and , 9) mM (g,9) = = Ox %),0)° (yl! (i/, j/)> 8) ¢ (Ca 0) => 
(yt U2) ¢ (f,0). Next suppose on (x! (5), 0) > (y* ‘il gly> > fee exists a VSB open set (f,0) 


: , F oy c a we 
containing (*(;),0) but not (¥ «5% such that (yw i (f,9) that is (f,0) and (f,6) are 
mutually exclusive VSB open sets supposing (%*(;),0) and Fo j/)»9), respectively. 


Theorem 3. 17. Let ((¥ v. T1,72, 8) be a VSBTS. Then ((4), T1,72, 8) is VSB1 space if every 
VS point (x# (i,j) 98) € (, BE (K | If there exists a VSB open set (g,0) such that (x°(;),0) € 
(G8) C G8) C (f,8), Then ((%), t, 6) a VSB space. 
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Proof. Suppose (x*(i;),8) M (Y G5) = 0(4)9)- Since ((X), 1,7, 0) is NSB space. 
(x4 (5,0) & (y «5% areVSB close sets in ((¥), t, 0). Then (a*@j),0) € (CR) E 
((¥),t,@). Thus there exists a VSB open set (g,0) € ((¥),t,@) such that (x* (5), 8) € (9,9) C 
GB C (CY Gv /)8)). So YH Gu 5/8) € G8) and G0) ((G,0))° = 0% 9) that is (AX), T1,72, 
8) is a VS soft Bo space. 

Definition 3.18. Let ((X), T1,12, 9) be a VSBTS. , 8) be a VSB closed set and @ aj; 9) n 
(jf, 0) = 0%) 9): If there exists jee sets ce & (G5,9) such that (2 G5), 8) E (G,, 9), (, BC 
(go, 9) and (#°(3),0)N (gi, 8) = %).0)° then ((¥), T,T2, 8) is called a VSf-regular space. ((X), 
1,72, 8) is said to be VSA3 ae if i is both a VS regular and VSB, space. 

_ Theorem 3.19. Let ((X), 71,72, 0) be a VSBTS. (X), t1,7, 9) is VS 63 space iff for every 

(x* i,j), 8) € (f, 8) that is (g,8) €(((¥), 1, 72,98) such that (%*(;),0) € (Gg, 8) C (G, 98) C (Ff, 8). 

Proof. Let ((X), 1,72, 8) is VSB3 space and (x 45), 9) € (jf, 8) € ((X),7, 0). Since ((X), T1,72, 
8) is VS'B3 space for the VS point (2° G5). 9) and 6 closed set , 8)°, there exists (g,,0) and (g,, 8) 
such that (#4 (j),8) € Gi. 9), §,8)° C G, 8) & GF. 9) N (FJ, 8) = 0H) 9). Then we have (2*(,),8) € 
(G,,9) C (Go, 9)° C (j, 0), since (G>,9)°VSB close set (G,, 8) C (Gs, 8)°. Conversely, let (x4 (i), 8) al 
(h, 8) = 00%) 6) and (h, 8) be a VSB close set. (x4 (5), 8) od (h, 8)° and from the condition of the 
theorem, we have (x*(, ~ E (G0) Cc G9) C (h,0)*. Thus (x*4,3),0) € (G0), (h,8) C and (G,0)N 
G, G,0) = 0% %),0)* So ((¥), tT, 8) is VSB3 space. 


Definition 3.20. Let (Xx ), T1,72, 8) be a VSBTS. This space is a VSB normal space, if 
for every pair of disjoint VSB close sets (f1,8) and (f2,0), there exists disjoint VSB open sets 
(G,,9) and (go, 9) such that (f1, 9) Cc (G,,9) and (f2, 8) Cc (Go, 9). 

((X), t, 0) is said to be a VS4 space if it is both a VSB normal and VS, space. 


Theorem 3.21. Let ((¥), T,72, 0) be a VSBTS over universal set (2X). This space is a VSB4 
space if and only if for each VSB closed set (f,6) and VSB open set (g,8) with (f,®) C (g, 8), 


there exists a VSB open set (7,0) such that (, 8) C (7, 8) C (7,9) C G8). 


Proof. Let (Xx , T1,72, 9) bea aa over universal set (X) and let (, 8) Cc G, 8). Then (g, 8)° 
is a VSB close set eo (, 8)N (G, 8) = 01%) .9): Since ((¥),T1,72,0) be a VSBa4 space, there exists 
VSB-open sets (71,9) and (72,8) such that (, 8) C (71,9), (G, 9)*° C (72,8) and (71,8) (72,9) = 
0(%),9): Thus (f, 9) C (71,9) C (72, 9)° C (G, 9), (712, 9)° is a VSB close set and (71,9) C (72, 9)°. So 
(F,8) C Gtr, 0) C G1, 8) C G, 8). 


Conversely, fi. 8) and (fo, 9) be two disjoint VSB close sets. Then (fi. el (fo, 8)° implies there 
exists VSB open set (7,6) such that (f;,8) C (a, 2 C (71,9) C (fo, 8)°. Thus (7, 6) and ee are 


VSB open sets and (fi, 9) Cc (fa, 8)°, (fa, 8) C (x, 6)° and (x, ®)and(zx, 0) = 0% %),0): ((¥), t, 8) be 
a VSBa space. 


Theorem 3.22. A VBS countable space in which every VS convergent sequence has a unique 
soft limit is a VSBB Hausdorff space. 
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Proof. Let ((¥), T1,1, 0) be VBS Hausdorff space and let (a4 G3), On) be a soft convergent 
sequence in ((4’), T1, 72, 0). We prove that the limit of this sequence is unique. We prove this result 
by contradiction. Suppose ((x4 (4) 8)n) converges to two soft points 7 and mm such that 74 m. Then 
by trichotomy law either 1<m or 1>mMa. Since the possess the VSBB Hausdorff characterstics, 
there must happen two VSB open sets (f,0) and (p,9) such that (f,0)N(o,0) = 0 %),0)- Now, 
(a4 G3), )n) converges to / so there exists an integer 7, such that (x45), )n € (f,8)Vn = ny. Also, 


((a*(j),8)n) converges to m so there exists an integer m7 such that (#%(j),0)n € (0,0)¥n > no. 
We are interested to discuss the maximum possibility, for that we must suppose maximum of 
both the integers which will enable us to discuss the soft sequence for single sof soft number now 


max(n,,n2) =no. Which leads to the situation (25). On €( € (f,0)Vn > no and (x*(;), ban Oye E00) 8)Vn > 
no. This implies that (%#(,;),9)n € (f,8) and (x*(;),0)n € (p,9)¥n > no. aes that (x*@;),O)n € 

((f, 9)A(p, 8))Wn > no. Which beautifully contradict the fact that (f,0)N(p, 0) = eee Hence, the 
limit of the VS sequence must be unique. 


4 More Results in Vague Soft Bitopological Spaces 


In section, some results are discussed in two vague soft bi-topological space with respect 
to vague soft 6 open sets. Vague soft product spaces are discussed with respect to soft points. 
The characterization of vague soft 6 closed as well as vague soft 6 open sets, characteristics of 
Bolzano Weirstrass property, vague soft compactness and its marriage with sequences, intercon- 
nection between sequentially compactness and countably compactness in vague soft bi-topology 
with respect to soft 6 7 sets are addressed. 


Theorem 4.1. Let ((¥), 1,7, 9) % VSBTS such that it is VSB Hausdorff space and 
((Y), $1, %2,0) be any VSBST. Let (f, 8): (4X), 71, 72,0) —> ({Y), 81, 52,8) be a soft function such 
that it is soft monotone and continuous. fe ((Y),%1, 82,90) is also of characteristics of VBSB 
Hausdorffness. 


Proof. Suppose (x*(;),0)1,(#“@j),0)2 € (4) such that either (@;),0)1 4 (x*(j),0)2. 
Since (f,8) is soft monotone. Let us suppose the monotonically increasing case. Suppose 


YF G5) Or Y Gg? € (Y) such that (¥ «jn x (g G52 respectively such that 
CL) = Brgy oF Wj M2 = $ (xi (5,8). Since, ((X), t 1,12, 0) is VSBB Hausdorff 
space so there exists maetually disjoint VSB open sets (41,0) and (f2,8) € (Xv )y T1537 T1373,0) — > 
$(A,0)) and F((f,8)) € ((Y),%1, 2,0). We claim that a (fy, O)) NFU Rp, 8)) = ee . Other- 
wise $((R1, 0) )NF((Rp, 8)) F dpa 0) Suppose there exists (tt! @ /9)1 © FAA, 9) oy Ce ) => 
(t! ‘Gt jl 1 € f((41, 9)) i (! ‘hg 1 E $ (hp, 0)), (t egy € $((4, 8)), F is soft one- 
one there exists (€4/" (yy ;//),8)2 € (1,8) such that 1 (v7), 8)1 = BCE Gi) 2) wus gi) 1 
€ #((f2,0)) implies there exists (t4/ Gy/ 7,03 € (2,8) such that $(t” (y/),8)3) —> 
He ws jl)» ®)2) =H ah D2) Since, f is soft one-one => ti jl) 92 = ee 
= (# il > 9)2 € F(A, 9)), (i" GI > @)2 € $((A2,0)) => (t” Gli jl) 9)2 € BUA, 8) F(R, 9) 
This is contradiction because (2),0)N(f>, 0) = Te: %).0): Therefore $((21, 9) )A$((f2, 0)) = Ox 
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Finally, (a*(j),9)1 > @*aj,92 or (4*6j,81 ~ G46j,.8)2 = 6)),91 F 6,82 = 
B(x" (i,j)>®)1) > B(x Go» )2) or $( (xt a 9)1) ~< B(x (i,j) > 9)2) —=> sg (i,j) > 9)1) xf as (i,j) > 9)2). 
Given a pair of points (y“’ Wj Ov (i/j/)>9)2 € (Y) such that (yl G/j/) D1 F a G/j/)»9)2. We 
are a to find out mutually OMS VSB open sets F((f1,9)), F((Ro, 8)) € ((Y),81,82,9) such 


that (yi! (i/ jie € ae (f1, 8) )), cy! (i/ jf )2 = BC (Ry, 8) )). This proves that ((¥ Y), $1582; 9) is VSBB 
Husdorff space. 


Theorem 4.2. Let ((¥), 1,12, 9) be VSBTS and ((Y),%1, 82,9) be an-other VSBTS which 
satisfies one more condition of VSBB Hausdorffness. Let (f, 8): ((X), 71, Es 8) — ((Y), 81, 82, 9) 
be a soft fuction such that it is soft monotone and continuous. sa ((X), T], 72, 8) is also of 
characteristics of VSB Hausdorfness. 


Proof. Suppose (7 5), 1, i,j) 9)2 € (X¥) such that either (27 @j,0)1 4 Gay, 82. Let 
us suppose the VS monotonically increasing case. So, (x* ij)» ®)1 # (X*(3),8)2 implies that 


(2 (ij),8)1) A F((x*(i,),8)2) respectively. Suppose (y* ‘Wgh Ov ~ W/j/)9)2 € (Y) such that 
(y (/j/)> 9) # (y «jh )2- So, (y’ (i/j/)> iF (y @/j/)» 9)2 respectively such that (y! (i/j/)> 9) = 
BCC), 8)), (yw jl %)2 = HAG. 8)0) such that G65). DL = —'(y) and (x*(5),0)2 
Be j/)9)2). Since ew ae (yw jh 9)2 ev Y) but ((Y),%1,52,0) is VSB Hausdorff 
space. So according to definition (y* ‘gh. # (yt Wisi) There definitely exists VSS open 


sets (1,0) and (A2,0) € ((¥),$1,52,0) such that (y Gy 5,01 € (A1,8) and (y’ Gy 5/),0)2 € (Aa, 8) 
and these two VSB open sets are guaranteedly par exclusive because the possibility of 
one rules out the ae of other. Since $ '!((&,0)) and # !((fo,0)) are VSB B_open in 


((X), T1,72, 0). Now, £! (41,9) '((f1,8)) = = (41,8) (42,8) = $1) = O¢%9) and 
(Fie, )1 € (41,0) => ae ee € £ | ((f1,8)) => (2445), 8)1 € ((41,9)), CY? er e 
(f3,0) > mC (i/ j/)> 8)2) € & | ((fp,8)) implies that (x*(;),0)2 € (22, 8)). We see that it has been 


shown for every pair of distinct points of. (X), there suppose disjoint NSB open sets namely, 
£ '((f1,8)) and f'((£2,8)) belong to ((¥), t1,12, 6) such that (a*(j),8)1 € # '((1,8)) and 
(x* 3), 8)2 ef |((fp,0)). Accordingly, VSBTS is VSBB Hausdorff space. 


Theorem 4.3. Let ((¥ ¥), 1,72, 8) be VSBTS and ((Y),%1,32,9) be an-other VSBTS. 
Let (f,9): ((X), 71, 72,8) —> ((Y),%1,52,8) be a soft mapping such that it is contin- 
uous mapping. Let ((Y),%1,%2,0) is VS$8 Hausdorff space then it is guaranteed that 


(ini). (Y ug) 9): F659) = FH Gy 5.9} i8 a VSB close sub-set of ((¥),71,72,0) x 
((Y), 51, 52, 8). 


ees Given that ((X ),T1,72,0) be VSBTS and ((Y), $1, 82,0) be an-other VSBTS. Let 
(6; 8): ((¥), 71, 72,8) —> ((Y), 81, F2,9) be a soft mapping such that it is continuous mapping. 


(( cues is VSBB Hausdorff space Then we will prove that {((*(j), 0°), (gw jn.)): B( (xt 
(ij) 9)) = FY" G5, 9))} is. a VSB closed sub-set of ((¥),t1, 12,0) x ((¥),31,32,8). Equvalently, 
we will prove that (a4), 0), (YH wir, 9)): #((44 4,8) = (Y «jn 1 is VSB open sub-set of 
((¥), 71,72, 0) x (CY), F1, G2, 0). Let ((x* a,j), 0), (Y" Gj) € (x46), (Y Gj.) with (24 65), 8) 
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> (yg wins 9): #((a* aj), 0)) > $Y" @ 5,9) or((x* G5), 9), (y wins 9)) € {((a* (i), 9), Zwei, 9)) 
with (3+ 65),0) < (YH Gj): FG 5),) < FC" 5), 9). Then, F((x*«,5),9)) > FY Gj) 
or < $((%*(j),0)) < KY" @ 5) accordingly. Since, ((Y),%1,¥2,0) is VSBB-Hausdorff space. 
Certainly, #465), 0), BY” 5/9) are points of ((Y),31,2,0), there exists VSB open 
sets (G,0), (4,8) € ((Y),51,52,0) such that #((x*,,8)) € (G8) & F((x*Gj),0)) € (4,0) pro- 
vided (G,0)N(&, 9) = 0 ea one . Since, (f,8) is soft continuous, $-'((G,0) & # '((&,0) are 


(Y) 
7 sets in ae T1,72, 9) supposing Care jy» 8) and (Y «5% respectively and so 
g\( G, x £( ,8) is basic VSB open set in Sas X) 1,72, 0) x ((Y), 31, 82,0) contain- 


ing ae Pas Since (G,0)N(%, 0) = Ones %),9) y° it is clear by the definition of 

{((2* ij), 9), (gw jn): ((x* ij), 8)) “We nisi that {f~'((G, 0) & F! (A, 8) IN (at ‘Gor, 

(ge ij): HO) = HY" 51), ))} = 0%) 9)» that is 1G, 8) x F(A.) € (4G), ), YH jis 
9)): F(x" (i,j), 8)) = $Y" Gj) Hence {((a* (ij), 8), (y* ahe): F(X (a,c), 9) = BY" aur 
implies that {((a4 (a,c), 9), (YH w jy. 99): F(A G5), )) = BUCY" Gv j/).®)} is VSB close. 


Theorem 4.4. Let (( x), 1,72, 8) a VSB second countable space and let (f,0) be VSB 
uncountable sub set of ((¥),71, 72,9). Then, at least one point of (f,98) is a soft limit point of 
(f, 9). 

Proof. Let 20 = (B), Bo, B3,By,.....B,:n€N) for (X), 1,7, 9). 

Let, if possible, no point of (f,0) be a soft limit point of (f,0). Then, for each 
(x*(ij),0) € (f,0) there exists VSB open set (0,9)(xi(,),6) Such that (%*@j),0) € (p,9)(#¢,),9), 
(7,9) (at G5), a Xf,0) = {(x4 G5), 9}. Since 29 is soft base there exists wee € M9 such 
that (xt (i, 3) 9) € Brxi (5), a) © (0, Ba a, 0): Therefore, Brxi «5. a) (f, 8) P» 9) (xt G5), ay (f, 9) 
{(x* ij), OD}. More-over, if (x*@j),8)1 and (x*(ij),0)2 be any two Vs points such that 
(x"(i,j),81 A (xt (j)»8)2 which means either (4*(3),0)1 > (#°(j),9)2 or (x G08) < (i, 2 then 
there exists Bn (24 (5,8), and Bn (24 (5).8)2 in 29 such that Bn (34 (5,0), (8,9) = {(x*a3),9)1} 
and Baxi «6.6 9) = {(#*aj),8)2}. Now, (#*@j),0)1 4 (@*G,j),8)2 which guarantees that 
{(x* (5), 1} # {(4Gj),)2} which implies that Ba (ct ¢5),0), 1B, 9) # Ba (xt ¢.5),8)2 UB; 9) which 
implies By xi ; O01 # Bria (3.8)2: Thus, there exists a one to one soft correspondence of 
(f,0) on to Bove a», @): (#* (ij), 9) € (f,9)}. Now, (#8) being VS uncountable, it follows that 
{Bn (xi «;),0)' (#05), 8) € (f,8)} is VS uncountable. But, this is purely a contradiction, since 
{Bn (xi (5,6): car j)»9) € (f,0)} being a VS sub-family of the NS countable collection 23. This 
contradiction is taking birth that on point of (#,9) is a soft limit point of (f,0), so at least one 
point of (f,8) is a soft limit point of (f,9). 

Theorem 4.5. Let ((¥),t1,2,0)VSBTS such that is is VSB countably compact then this space 
has the characteristics of Bolzano Weirstrass property. 


Proof. Let ((4), 11,72, 0) be a VSB countably compact space and suppose, if possible, that 
it negates the Bolzano Weierstrass Property (BWP). Then there must exists an infinite VS set 
(f, 8) supposing no on any point. Further suppose (o,8) be soft countability infinite soft sub- 
set (f,0) that is (9,0) © (f,0). Then the guarantee (0,0) has no soft limit point. It follows 
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that (0,0) is VS soft B closed set. Also for each (45), )n € (0,0), (#4 (45), 8)n is not a soft 
limit point of (o,0). Hence there exists VSB open set (G,,8), such that (146.5), On € (G,,, 9), 
(Gn, 8)(p,8) = {(x4 (js 8)n}. The the collection {(Gp,9): n € N}A(p,8)° is countable VSB open 
cover of ((X), tT), 2,0). this soft cover has no finite sub-cover. For this we exhaust a single (Gn, 9), 
it would not be a soft cover of ((¥), 1,7, 9) since then ((#*(4j),®)n) would be covered. Result 
in ((X), T1,72, 9) is not VS countably compact. But this contradicts the given. Hence, we are 
compelled to accept ({4’), T1,T2, 8) must have Bolzano Weirstrass Property. 

Theorem 4.6. Let (4), t1,, @) be a VSTS and ((Y),31,52,0) be VS sub-space of ((4’), 
T1,72, 9). The necessary and sufficient condition for ((Y), 51,52,9) to be VSB compact relative 
to ((Y), 1, 52, 8) is that (f,@) is VSB compact relative to ((¥), 1,72, 9). 


Proof. First we prove that (f,@) relative to ((X), T],72, 9) Let {(€,0);: i e J} that is 
{(€, 8) 1, (€,0)o, (€, O)3, (€,0)4,...} be ((¥),71,T2,0) — VSB open cover of (f,0), then (f,0) € 
U, (€, 0);-(€,0), € (¥), 11, 72,0) —> 3(g,0), € ((¥),71,72,0) such that (#0), = (g,0),A(f,0) © 
(g, 9); => A(g, 8), € ((X), 1, 72,0) such that (E, 9); € (g,8),; ==> U,(t, 8), € 3 but (j,0) € (€,8);. So 
that (f,0) € U;(€, 9);. This guarantees that {(g,9);: 3 €/} is a ((X), 1, T2,0) — VSB open cover 
of (€,8) which is known to be VSB compact relative ((X), T1,T2, 9) and hence the soft cover 
{3: 3 © J} must be freezable to a finite soft cub cover, say, {(g,0)3-: r= 1,2,3,4,....,n}, Then 


(0) € U1 (G8) 5p => 


ae | ae 
(f, AUP, 0) © (fF, 8) ee | 


SL ONG. ig Ee) gp ar GB) SU 4, Olin Sha) ge d= ay is 
((X),1,72,0) — VSB open cover of (f,8). Steping from an arbitrary ((X¥),T1, 72,0) — B open 
cover of ((Y),%1, 82,0), we are able to show that the VSB cover is freezable to a finite soft 
sub cover {(€,0);-: 1<r<n} of (f,0), meaning there by (f,9) is ((¥),1,72,0) — VSB compact. 
The condition is sufficient: Suppose ((Y), 1, 82,98) be soft sub-space of (Xx ), T,72, 8) and 
also (f,0) is ((4¥),t1,72,0) — VS compact. We have to prove that (f,8) is ((¥),1, 72,8) — VSB 
compact. Let {(€, 01, (& 8), (€, 8)3, (€,0)4,...} be soft ((¥), T1, 72, 8) — VSB open_cover of (f, 9), 
so that (f,@) € Uj(g,6); from which (f,8)A(f,®) © (f,@)ACCig, 8)s) or, (f, 8) © Gi((f, Og, ®);). 
On taking (€,0), = (g, 8):N(f,0), we get (f,0) € Ult,O);, (g,0); € (X),T1,72,0) —> (€,0); = 
(g, 9) AF, 0) € ((Y), 31, 8,0)....(1). Now from (1) it is clear that {(€, 0) 1, (€,0)2, (€, @)3, (€,0)4,...} 
is ((Y),1,82,0) — VSBopen soft cover of (f,@) which is known to be ((Y),¥1,32,0) — VSB 
compact hence this soft cover must be reducible to a finite soft sub-cover. say, {(€,0),,: 1 <r <n}. 


This > (f,0) © U1 (6, 0) =U (gs 8) gn AUF, 8) € (X), 11,72, 8), oF 


—~_—_ 


n 


(f,8) € (Uwe 8) i VF,8)) € LJ(G ir, or 


r=1 r=1 
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(f,8) U1 (g, 9)3r- This proves that {(g,0),-: 1 <r <n} is a finite soft sub-cover to the soft 


cover (g,0);. Starting from an arbitrary ((X),T),T,0) — VSB open soft cover of (f,8), we are 
able to show that this soft vague open cover is freezable to a finite soft sub-cover, showing there 
by (fs 9) is U(X); Tis Ts 9) = VB compact. 


Theorem 4.7. Let ((¥), t,t, 0) VSBTS and let ((a4 (5), 8)n) be a VS sequence in ((X), T1,7, 
9) such that it converges to a point (x*(;),0)n) then the soft set (g,0) consisting of the points 
(x* ij), 9)ng and (4° (5), ®)n(n= 1,2,3,...) is soft VSB compact. 


Proof. Given ((X),T1,1,0)VSBTS and let (4 65).On) be a VS sequence in On Y), 1,7, 0) 
such that it converpes toa pot (xt (ij)>9)ny that is (x*(, 145), On —> (xt (ij)> 8) € (¥ Xv). Let (g, 8) = 


(x46.,8),, (ean 8)» (ay. 8). ) Let {(G,d)y: a € A} be VSB open covering of (g,8) so 
(2,5) ®) 4s (#44) 8) 55 (4465), 9) 5 -- 
that (g,0) € U{(G, O)a: a € A}, (x* 45), ny € (g, 8) implies that there exists a € As.t.((;), On € 
(6,9). According to the definition of soft convergence, (x* 5), O)no € E (6, O)ay € ((X), T1, 72, 0) 
implies there exists mo € V such that n > no and (x «, j)> )n € (G,8)a). Evidently, §S> Pao con- 
tains the points (2*(.;), ®)np, (Gj), )ngyr > (% (ij)> YD) noga> (%* G5)2 Ono gs» F(i,j)2 9), + (Gj) Otay + 
Look carefully at the points and train them in a way as, (x*(j),9)1, (4 (, yO), (a Gj) 9)3, (4 (ij), 
Oar: (%*(3),8),... generating a finite soft set. Let 1 <mo_). Then (#*(;),8); € (g,8). For this 
i, (x* Gi)» i € (g,®). Hence there exists a; € A such that (x? (ij) 9)i € (G,9)q;. Evidently (g,0) € 


US, Bay This shows that {(G,9)q,;: 0 <mo_1} is VSB open cover of (g,9). Thus an arbitrary 
VS £6 open cover {(G,0)y: a € A} of (g,8) is reducible to a finite VS cub-cover {{G,8)y;: i= 
0,1,2,3,...no-1}, it follows that (g,9) is soft VSB compact. 


Theorem 4.8. Let ((%),7),72,0)VSBTS and ((Y),%1,%,9) be another VSBTS. Let (f,0) be 
a soft continuous chy yy a soft vague sequentially compact VSB space ((4),7,T2,0) into 
((Y), 51,32, 9).Then, (f,0)((¥), 7), 72,9) is VSB sequentially compact. 


Proof. Given ((¥ ie ee and ((Y),%1,%2,9) be another VSBTS. Let (f,9) be a 
soft continuous mapping of a VS sequentially compact space ((¥),T),72,9) into ((Y), $1, 82,9) 
then we have to prove (f,9)((¥),11,12,0)VS sequentially. For this we proceed as. Let 


(¥'wyy?) i (¥'wsy), 


(¥" wan). (¥! (u1):8) > be a soft sequence of VS points in (f, 8) (( X), 1,7, 9), 


(vw! (i j/)> 8). oe (uv! (i) 8) 
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(#29) > (69-8) 
Then for each n € N there exists ( Carrere (x*(i), 9), such that 


(2 63); 0). oie (24 Ga: 0) ee ((X), T1, 72, 8) 


Bee ee 


Baie eee (#!'wa:) (wine?) > 
() (0,9), (465,98). | q(e Won) 


(6.8) (x* ,), 8) 
(24 43), 0 (v’ (i/5/)> 8) (¥" (i/5/)> 8). 


) Thus we obtain a soft 
| Ae Cuchi n:) eee (4! > ; 
08 (i/,j/)? oot 


(4 (i 8) (#5) 9) 
sequence (246); 8)s. (2465), 9) 4 in ((¥), T1, 7, 0). But ((¥),t1,72,0) being soft sequen- 
(#65), 8), (#469, 8)o5 
(24). ®)q5--- (26, 8) pr 
tially VSBB compact, there is a VSB sub-sequence (a8 G3), On) of (a4 G5), On) such that 
(a4 G3), )n,) —> (4 (9.9) € (X),11,72,8). So, by VSB continuity of (f,8), ((*%G5),n,) — 
(4,0) implies that (f,0)(((a# (ij), 0)n)) —> (f,0) (3, On)) € (f,9)((X), 1,72, 8). Thus, 


—~_—_— 


(vw) (Hwy) 
(Huy) Pe 
(#999) (# way), 
(#058) 9+ (# Wn») 


((f,0))((a# G3, 9)) in (f,0)(X), 1,72, 0). Hence, (f,8)((X), 71,72, 9) is VSB sequentially compact. 


(6,8) (a8 G5), ni) is a soft sub-sequence of ( converges to 


5 Conclusion 


Fuzzy soft topology considers only membership value. It has nothing to do with non- 
membership value. So extension was needed in this direction. The concept of vague soft topology 
was introduced to address the issue with fuzzy soft topology. Vague soft topology addresses both 
membership and non-membership values simultaneously. To make this object more meaningful, 
the conception of vague soft bi-topological structure is ushered in and its structural characteristics 
are attempted with new definitions. An ample of examples are also given to understand the 
structures. For the non-validity of some results, counter examples are provided. Pair-wise vague 
open and pair-wise vague soft closed sets are also addressed with examples in vague soft bi- 
topological spaces. Vague soft 6 separation axioms are inaugurated in vague soft bitopological 
spaces concerning soft points of the space. Other 6 separation axioms are also addressed relative 
to soft points of the space. Vague soft bi-topological properties from one space to another and 
then from other space to the first space with respect to vague soft 6 open sets are addressed. 
Vague soft product spaces are discussed with respect to soft points. In future, we will try to 
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address [27,28] in soft setting with respect to soft points of the spaces. Also, we will try to convert 
the work of this manuscript to hyper soft and plithogenic hyper soft set based on reference [29]. 
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